In this paper, we state the validity of Cramer's rule in a tropical context and its correspondence with classical Cramer's rule. This correspondence will allow us to prove a constructive version of Pappus' theorem conjectured in [7] 
Introduction
In the last years we have seen a development in tropical geometry. In [6] , G. Mikhalkin applies tropical geometry to enumerative geometry proving a new way to calculate Gromov-Witten invariants in the projective plane, which can be used to count the number of curves of given genus passing through a configuration of points. This method was firstly suggested by Kontsevitch and it is also explained from another point of view in [8] . In [3] we can find some computations of bounds of Welschinger invariant in several toric surfaces using tropical geometry which are interpreted as the algebraic count of real rational curves through a real configuration of points. On the other hand, we can see an application of tropical geometry to combinatorics in [9] . We check that tropical geometry is a potential powerful tool to study different branches of mathematics. The problem is that it is not easy to state familiar geometric definitions in a tropical sense.
For an introduction of what tropical geometry is, the reader may consult the papers of Ritcher-Gerbert et al. [7] , the specific chapter in the book of Sturmfels [10] and the survey due to Mikhalkin [6] .
Here, we will follow the idea that tropical varieties are non-archimedian amoebas. We work in principle with the field K of "Puiseux" series with complex coordinates and real exponents. Its elements are series i∈Λ α i t i where α i ∈ C and Λ ⊂ R is a countable set contained in a finite number of arithmetic sequences. In this field, we define the application T : K * −→ R, T (x) = −o(x) minus the order of a Puiseux series. What we obtain is in fact an application T : K * −→ T to a tropical semiring (T, ⊕, ⊙) = (R, max, +), where the tropical addition is taking the maximum and the tropical product is the usual addition.
This application asserts that T (xy) = T (x) ⊙ T (y) and if T (x) = T (y) then
T (x + y) = T (x) ⊕ T (y). In the literature it also appears directly the order. In that case, the tropical addition will be taking the minimum but all the results can be translated from one point of view to the other without any problem. Let V be an algebraic variety in the algebraic torus (K * ) n . The image T (V ) resulting of applying T component-wise is called an algebraic tropical variety and also the tropicalization of V . For an algebraic tropical variety U , we call a lift of U to any algebraic variety V such that T (V ) = U . These tropical varieties are known to be cell complexes in T n with the same dimension of V . Following Gelfand, Kapranov and Zelevinski [1] an amoeba is the image by the logarithm of an algebraic variety in (C * ) n . We work instead with K rather than C and our valuation is not archimedian. Using this approach, we identify algebraic tropical varieties as non-archimedian amoebas.
We can arrive to tropical algebraic varieties from another point of view. Let f = i∈I a i ⊙ x i be a tropical polynomial, where i = (i 1 , . . . , i n ) and
We define the variety associated with f as the set {b
is attained for at least two different i}. That is, the set of points where f is not differentiable. The two different approaches yields to the same subsets for hypersurfaces. In fact we have the following theorem of Kapranov [4] .
So, we have a nice description for tropical hypersurfaces, the problem is that is not so easy to describe general tropical varieties. In the following, we will use homogeneous coordinates, either in the tropical space or in the algebraic torus. The algebraic torus (K * ) n is naturally complexified to the n-th projective space PK n , where we have the usual homogeneous coordinates. The point (x 1 , . . . , x n ) ∈ (K * ) n is identified with [x 1 : . . . : x n : 1] and all the points have all the coordinates non-zero. If we tropicalize these points, we can represent the point (y 1 , . . . , y n ) ∈ T n by [y 1 : . . . : y n : 0], with the identification [y 1 : . . . : y n+1 ] = [α⊙ y 1 : . . . : α⊙ y n+1 ] = [α+ y 1 : . . . : α+ y n+1 ], α ∈ T. We recover the coordinates by [y 1 : . . . : y n : y n+1 ] = (y 1 −y n+1 , . . . , y n − y n+1 ) using the usual subtraction (there is no notion of tropical subtraction). We use homogeneous coordinates because it is easier to state Cramer's rule in this context.
The simplest well known varieties are tropical lines in the plane, which are just the tropicalization of lines in (K * ) 2 . We exclude the tropicalization of horizontal and vertical lines, also lines through the origin, i.e. lines through one of the points αβδ = 0 will tropicalize to our set, where we do not write higher order terms.
Here we see one of the reasons of using homogeneous coordinates, if we take the
Our aim is to give conditions for a geometric construction to hold in the tropical sense as it holds in a classical sense. It would be as asking how much tropical geometry is like classical. This is quite wide and imprecise, so we restrict our attention to constructions that can be approached by means of Cramer's rule.
Let see some of the problems we may find looking the pretty simple example of computing the intersection of two lines. If we have general enough lines, such as 1 ⊙ x ⊕ 2 ⊙ y ⊕ 0 ⊙ z and 3 ⊙ x ⊕ 5 ⊙ y ⊕ 1 ⊙ z, it is easy to check that the unique intersection point is [−1 : −3 : 0]. If we take lifts of these two lines, they must be of the form ( If we define the tropical determinant as:
where Σ n is the n-th permutation group. We try to perform Cramer's rule with the tropical lines and we obtain the point: We check that in this example, Cramer's rule in T n can be used to compute the intersection point of the two lines and this point corresponds with the tropicalization of the intersection point of any two lifts of the lines. But things are not so easy. One of the problems in tropical geometry is that different lines may have an infinite number of common points. Now we take the two lines 2⊙x⊕(−3)⊙y⊕0⊙z and (−4)⊙x⊕(−3)⊙y⊕0⊙z, its intersection is the set {[t : 3 : 0] | t ≤ −2} which is not the tropicalization of any variety. If we perform as above tropical Cramer's rule on the data, we obtain the point [−2 : 3 : 0]. This is the limit of the unique intersection point of any small generic perturbation of the tropical lines [7] . We may see this point as a distinguished point in the intersection, as it is the unique point which is continuous by perturbations of the lines and as the unique point given by Cramer's rule. We call it the tropical solution of the equations. If we take lifts of these lines, they take the form α x t −2 x + α y t 3 y + α z z, β x t 4 x + β y t 3 y + β z z where we do not write higher order terms. The solution of this system is
. If α y β z − β y α z = 0, the intersection point will tropicalize to [−3 : 2 : −1] = [−2 : 3 : 0], but if it equals to zero, we cannot know what the tropicalization is. It depends on the higher order terms on the series that we have not written, but we know that they will be of the form [t : 3 : 0], t ≤ −2. Even we may find the case that the intersection has its first coordinate equal to 0. In that case there is no tropicalization of the intersection. So we cannot expect that the tropicalization of generators of an ideal will describe the tropicalization of the variety the ideal generates. In our example, we check that the tropical determinant which gives us the first coordinate is
The maximum is attained twice, these tropical matrices where the maximum in the development of the determinant is attained for at least two different permutations are called singular. If a matrix is not singular there will be no problem with the lift as in our first example. If a matrix is singular, we have seen that for almost all lifts the intersection of the two lines will tropicalize to the point obtained applying tropical Cramer's rule.
In [7] , the validity of tropical Cramer's rule was stated but using the notion of stability. Our point of view is a little bit different, as we try to compare the results of tropical and classical Cramer's rule by means of the valuation. This point of view allow us to give sufficient conditions for a chain of computations of tropical determinants to be lifted to the Puiseux series field. It will be explained in section 2. In section 3 we apply this method and the validity of classical Pappus' theorem to prove the conjecture of the constructive tropical Pappus' theorem.
Tropical Geometric Constructions
Definition 2.1. Let O = (o ij ) be a n × n matrix with coefficients in T. Let A = (a ij ) be a n × n matrix in a ring R. We denote by |O| the tropical determinant of O. We define
the pseudo-determinant of A with respect to order O.
This definition tries to capture the key problem of having restrictions in a lift of a tropical determinant.
For a Puiseux series S = αt k + . . . we will denote by P c(S) = α the principal coefficient of the series. The conditions for having a good lift will be expressed in terms of the principal coefficients. Proof. In the development of |B|, the permutations where the order of the product is the smallest are exactly the permutations where |O| is attained, so the coefficient of the term t −|O| is exactly ∆ O (A). If it is non zero, then the order of |B| is −|O|.
In the introduction we have seen that two lines in the plane have always a distinguished point in their intersection, the tropical solution of the equations defining the lines. We generalize this fact directly to the n-th space. Given a system of n linear equations in n + 1 homogeneous coordinates on the tropical semiring, it has a distinguished solution given by Cramer's rule and tropical determinants. This allows us to define uniquely the intersection point of n hyperplanes in the tropical n-space. When we mention the tropical solution of a linear system of equations, we always refer to this distinguished solution. Now we make precise this fact.
be a matrix in a ring R with the same dimension as O.
We define
Cram O (A) = (δ 1 , . . . , δ n+1 ).
Where δ i = ∆ oǐ (Aǐ) and Oǐ,Aǐ denotes the corresponding submatrices obtained by deleting the i-th column. Proof. Apply the previous lemma to every component of the projective solution.
Our goal is to give conditions that permit us affirm that a tropical geometric construction can be hold in the same manner than a projective one. We have proved that Cramer's rule can be tropicalized if we have the right conditions on Cram O (A). So we can make tropical constructions that use this Cramer's rule, such as:
1. The intersection point of n hyperplanes in the n-space.
2. The hyperplane generated by n points in the n-space. The main idea is to take the original elements in a tropical space, make a lift to a projective situation and perform there the construction. If each time we compute determinants the corresponding pseudo-determinants do not vanish, then, the geometric construction performed with tropical determinants will be exactly the same that the tropicalization of the lift. So the results derived from the projective situation will be the same in the tropical one. If the whole construction is just using once the Cramer's rule, then there is no problem with the lift, we may take as the lift of an element
The main problem appears when we try to make more complicated constructions. Suppose that our objects P 1 , . . . , P N comes from previous constructions. We cannot assure now that their coefficients will be general enough, as they can be algebraically dependent and satisfy the relation given by the next pseudodeterminant. In that case, if the tropicalization of the next step exists, it will not agree with the tropical determinant. What we are going to prove now is that this situation can be avoided if our construction is of a particular kind.
To every element P of the construction we associate a graph. The points correspond to all the elements that we recursively need to construct P , we link every element with the elements from which it is constructed directly. We call this graph the construction graph of P . Definition 2.5. We say that the construction of an element P is tropically admissible by Cramer's rule if its associated construction graph is a tree. Example 2.6. Suppose we are given a, b, c three points in the plane. Let l 1 = ab, l 2 = ac be the lines through these points and p = l 1 ∩ l 2 . The construction of l 1 and l 2 are tropically admissible by Cramer's rule, but not the construction of p, because we have the cycle p, l 1 , a, l 2 , p. The problem is that we use twice the point a in order to construct p. Firstly it is used in the construction of l 1 and secondly in the construction of l 2 . So we can have some algebraic relations that makes a pseudo-determinant identically zero for every lift. 
, where terms of bigger degree in the series do not affect the result. In this case
which tropicalizes correctly to l 1 and l 2 .
If we want to construct p, O = 1 0 1 2 0 2 and A = −a 3 b 2 −a 1 b 3 a 1 b 2 −a 3 c 2 −a 1 c 3 a 1 c 2 Now it is easy to see that ∆ O2 A2 = −a 1 a 3 b 2 c 2 + a 1 a 3 b 2 c 2 = 0. In fact p must be a. We check that fixed b and c in the example (which are points in general position), we have the same problem for the lift for all a = [r : s : 0] with r > −1 and s < 1. So this is not at all an isolated case and it cannot be avoided by perturbations. These cases arrive frequently when we are working with complicated constructions. So if we want to chain several simple constructions we have to take these cases into account.
Our next goal is to justify why a tropically admissible construction agree with the tropicalization of a projective one. The method consists in lifting every original element to a point in the space (K * ) n but taking as principal coefficient variables. As we perform our construction, the following principal coefficients will be multihomogeneous polynomials in these variables given by pseudo-determinants. As our construction graph is a tree, for different elements in a step of the construction, the variables of the input elements will be different, so the output element will have as principal coefficients non-identically zero multihomogeneous polynomials. More concretely, we may think that the principal coefficients of our input elements P i are multihomogeneous polynomials
in the sets of variables C i . The output S will have as principal coefficients multihomogeneous polynomials in the variables ∪ i C i = C that will be considered as a single set of variables in our next step of the construction. 
and suppose that we are given a n × (n+1) matrix O in T. Write Proof. We prove first 2. If we have two different permutations σ, τ , then there is a term k where the permutations differ. As the monomials in f
are all different and is the only part of the products n j=1 (Aǐ)
where we find the variables which appear in the family F k , then these products cannot share any monomial. In particular, in the sum of several of these products, there is no cancellation of monomials. So, in fact, we obtain that different minors share no monomial and we obtain immediately 3. All those minors must have the same multidegree, which is just adjoining the multidegree of the family F 1 , . . . , F n , as each polynomial is a product of a polynomial in each family.
This lemma means that the principal coefficients of our output will never be zero, so this step will agree with the tropical construction. Moreover, the output can be considered as a single set F i for a later construction. It is clear that the original elements satisfy the restrictions of the lemma, as their principal coefficients are just variables c i j . So we use induction in order to say that a tropically admissible construction agree with the tropicalization of a projective construction. Suppose we are given free elements p 1 ,. . . ,p n in a tropical space and that we have the steps of some geometric construction such that the projective version of this construction can be solved by Cramer's rule, provided that the free analogous projective elements are general enough. Suppose also that the construction of every element is tropically admissible by Cramer's rule. Then, the tropical construction can be performed in the same way by tropical determinants and we have a "general" projective lift of the construction. More specifically: For all (x 1 , . . . , x n ) in U there exists elements in the space of Puiseux series P 1 , . . . , P n such that T (P i ) = p i , P c(P i ) = x i and the projective construction with the elements P 1 , . . . , P n is well defined.
2. For all elements P 1 , . . . , P n such that T (P i ) = p i and (P c(P 1 ),. . . , P c(P n ))∈ U , the tropicalization of the final elements of the construction are equal to the tropical elements constructed using tropical determinants. That is, all lifts with principal coefficients in U yields to the same tropical final elements.
Proof. First of all, we are going to define U . If we have projective lifts P 1 , . . . , P n with T (P i ) = p i but P c(
] variables, each step of the construction is given by Cramer's rule. So we can use the lemma 2.7 and induction in order to say that, as each construction is admissible, all principal coefficients of all the steps in the construction will be non-zero multihomogeneous polynomials. We define U as the set of (C * ) m1−1 × . . . × (C * ) mn−1 where all these polynomials do not vanish. Then, if the principal coefficients of the P i are in U , we obtain during the construction that all the principal coefficients are non-zero, by lemma 2.4 the tropicalization of each step is exactly the analogous tropical determinant, which is independent of the P i . Of course, for x 1 , . . . , x n in U , one possible lift is
Definition 2.9. Given a tropical geometric construction, we call general lift of the original elements to any lift of these elements whose principal coefficients lie in the set U defined above.
Remark 2.10. We have proved that our tropical construction is well defined, but also that it agrees with the tropicalization of almost all lifts of the construction. The lifts whose principal coordinates are not in U correspond either to projective constructions whose tropicalization is different to the one computed using tropical Cramer's rule or to non well defined constructions in the projective space, such as the intersection of a line with itself. This later case does not appear in the tropical case if we interpret correctly the construction. The intersection of a line a with a is not tropically admissible, but the intersection of two lines a and b is, even if a = b, as we can lift a and b to different lines a and b that both tropicalize to a = b. So the tropical construction is well defined for the whole space of configurations of the original points, there is no need of generality in the tropical space. Equivalently, the original points of an admissible tropical construction are completely free in the sense that there exists no condition on these elements in order to develop our construction. We must notice that the last one is in fact the first real restriction on the coefficients, as we are working in (C * ) 2 , so every coefficient is non-zero. These restrictions do not come from a given geometric construction, but from specific instances of the construction, or more concretely, from the different possible order matrix O in the pseudo-determinants. So, in fact, for a given construction, there is a finite number of types of restrictions. If we return to the example of the intersection of two lines, but we now take the tropicalizations a = 2x ⊕ 3y ⊕ 2z, b = (−2)x ⊕ 2y ⊕ 1z, the restrictions will be a 2 b 3 − a 3 b 2 = 0, a 1 b 3 = 0,a 1 b 2 = 0. Which differ from the previous.
Constructive Pappus' Theorem
Now we are stating the validity of a constructive version of Pappus' Theorem proposed in [7] .
Using duality, we identify the line a ⊙ 
which can be interpreted as intersecting two lines or finding the line through two points, depending on the context. This definition of cross product was given in [7] in order to define the general intersection of two lines or the general line through two points. In that paper these notions are given by taking limits in general perturbations of the configuration, so they are called stable meeting of two lines and stable join of two points, we use this terminology in Pappus' theorem.
Before giving the proof of tropical Pappus' theorem, we give a lemma that will be useful for the proof. Proof. Our goal is to see that the three lines constructed share a common point. For each line, its construction is as follows
We check on figure 3 that the construction graph of a ′′ is in fact a tree and the same holds for b ′′ and c ′′ . So for all general lifts of 1, 2, 3, 4, 5, the construction of the lines a ′′ , b ′′ , c ′′ are well defined and yields to the tropical lines a ′′ , b ′′ , c ′′ . We notice that we can not make in our tropical construction the general intersection of two of these lines, as they share free points and cycles appear in the construction graph, nevertheless, the construction made in the projective space satisfies the hypothesis of Pappus' theorem, so the lifts a ′′ , b ′′ , c ′′ must intersect in a common point in K 2 . Now by 3.1 the three tropical lines a ′′ , b ′′ , c ′′ must intersect.
